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1 Basic Setting

The positive mass theorem of general relativity to be addressed here states that
the total mass of an isolated gravitational system (viewed from spatial infinity,
known as the ADM mass) must be non-negative if its local mass density is
non-negative everywhere, and in fact the mass is strictly positive unless the
space-time is flat. In this essay we are only concerned with the first part of this
theorem. Equivalently, the theorem asserts that the total energy-momentum
vector must be non space-like.

Mathematically, the basic setting can be described as follows [1]: Let (M,γ)
be a space-time whose local mass density is non-negative everywhere. Suppose
M admits an oriented, three-dimensional maximal space-like hypersurface N ,
with induced Riemannian metric g and second fundamental form h. We assume
that there exists a compact subset K of N such that N \K consists of a finite
number of ends N1, N2, . . . , Nr, with each Nk being diffeomorphic to the exterior
of a ball in R3. We say that the metric g is asymptotically flat if for each end
Nk, under the diffeomorphism described above, in the Euclidean coordinates
x = (x1, x2, x3) of R3, g and h have the asymptotic behaviour

gij = (1 +
Mk

2r
)4δij + hij ,

|hij | ≤
k1

1 + r2
,

|∂hij | ≤
k2

1 + r3
,

|∂∂hij | ≤
k3

1 + r4
, (1)

where k1, k2 and k3 are some positive constants, r = (Σ3
i=1(xi)2)

1
2 and ∂ is the

Euclidean gradient. The number Mk is the mass of the end Nk. Let R be the
scalar curvature of N, and define
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µ =
1

2
[R− habhab + (haa)2],

Ja = ∇b(hab–hccgab), (2)

then the dominant energy condition [2], which requires that the speed of energy
flow of matter is always less than the speed of light, says that

µ ≥ |JaJa|
1
2 . (3)

Here we only consider the special case where haa = 0, so that Eqn. 3 implies
that the scalar curvature R ≥ 0. In light of this, the first part of the positive
mass theorem states:

Theorem 1.1 Let g be an asymptotically flat metric on an oriented three-
dimensional Riemannian manifold N as described above. If R ≥ 0 on N , then
the mass of each end is non-negative.

2 Background Knowledge

We refer to the review [3] heavily in this section.
A standard tool in Riemannian geometry which aids greatly in seeing the

effect of curvature is geodesics, especially those which minimize arc lengths. If a
curve γ : R→M is a geodesic, i.e. the first variation of the arc length functional
vanishes at γ, then it minimizes the arc length when the second variation of the
arc length functional is non-negative.

Minimal surfaces are the two-dimensional analogue of geodesics, which are
the critical points of the surface area functional A[S] (with respect to the metric,
as always unless otherwise specified) for surfaces S. By this definition, a two-
dimensional surface S embedded in a three-dimensional Riemannian manifold
N is minimal if and only if its mean curvature is 0, i.e. 1

2 (h11 +h22) = 0, where
hij is the second fundamental form on S induced by the metric of N , expressed
in an orthonormal frame field.

The first main ingredient of Schoen and Yau’s proof of the positive mass
theorem is the second variation inequality. If a minimal surface S actually
minimizes the functional A[S] in any one-parameter compactly supported de-
formation, then it satisfies the second variation inequality:

0 ≤ δ2A[S] = −
∫
S

f [∆f + f(Ric(ν) + ‖h‖2)] =

∫
S

‖∇f‖2–f2[Ric(ν) + ‖h‖2],

(4)

where f is any C2 function with compact support on S, ‖h‖2 =
∑3
i,j=1 h

2
ij ,

Ric(ν) is the Ricci curvature of N in the direction ν normal to S. Note that the
operators ∆ and ∇ are both with respect to the induced metric on S, so that∫

S

f∆f = −
∫
S

‖∇f‖2 (5)
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in the second variation inequality. Using the condition h11+h22 = 0, by standard
formulas the second variation inequality can be rewritten as∫

S

[R−K +
1

2
‖h‖2]f2 ≤

∫
S

‖∇f‖2, (6)

where R is the scalar curvature of N , and K is the Gaussian curvature of S.
The other main ingredient of the proof is the Gauss-Bonnet theorem, which

relates the geometric quantities Gaussian curvature K of a regular region D of
an oriented surface S and the geodesic curvature k at the boundary of D in S,
to the topological invariant χ of D called the Euler characteristics. For a region
D whose boundary is a simple, closed and C1 curve, the theorem reads [4]∫

D

K +

∫
∂D

k = 2πχ(D). (7)

3 Main Idea of the Proof

The main idea of Schoen and Yau’s proof [1] goes as follows: Let g be an asymp-
totically flat metric on N with R ≥ 0, and let x1, x2, x3 be the asymptotically
flat coordinates on Nk, which lie in R3 \Bσ0

(0), where Bσ0
(0) = {|x| < σ0}.

Suppose the mass M of some end Nk is negative. First by considering a
conformally equivalent metric that is also asymptotically flat, one can assume a
stronger condition on the scalar curvature R, namely that R ≥ 0 everywhere in
N and R > 0 outside a compact subset of Nk, while the negativity of mass of Nk
is still preserved. Then using the negativity of M , a complete area-minimizing
surface S (with respect to all compactly supported deformations of the surface)
properly embedded in N can be constructed such that S ∩ (N \Nk) is compact,
and S∩Nk lies between two parallel Euclidean 2-planes in R3. Using the second
variation inequality Eqn. 6, upon taking the limit for a sequence of bounded
subsets of S which form an exhaustion, the conditions on R given in the first
step imply that ∫

S

K > 0. (8)

The final step is to use the Gauss-Bonnet theorem to arrive at a contradic-
tion. One can show that there exists an exhaustion Dσ of S (σ > σ0, σ → ∞)
such that for all sufficiently large σ, Dσ is topologically a disk, and in the
x1, x2, x3 coordinates, the projection of ∂Dσ onto the x1x2− plane is a circle
with radius σ centered at 0. Applying the Gauss-Bonnet theorem to Dσ gives∫

Dσ

K = 2π −
∫
∂Dσ

k, (9)

where k is the geodesic curvature of ∂Dσ with respect to the inner normal to
Dσ in S.
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One then shows that there exists a sequence σi →∞ such that

lim
i→∞

∫
∂Dσi

k ≥ 2π. (10)

The main intuition is that the negativity of the mass not only enables one to
construct the complete area-minimizing surface S, but also imposes stringent
conditions on S so that very roughly speaking S is “asymptotically larger than”
R2 [5]. Combining Eqn. 10 with Eqn. 9 yields

lim
i→∞

∫
Dσi

K ≤ 0, (11)

in contradiction with Eqn. 8. Therefore the minimal surface S cannot exist,
and thus the mass of end Nk must be non-negative.

In the next section we fill in the details of this sketch of proof, however, due
to the author’s limited background, certain important details are skipped, such
as the existence proof of the complete area minimizing minimal surface using
regularity estimate, and the proof for Eqn. 10.

4 Schoen and Yau’s Proof

Once again, let (N, g) be the Riemannian manifold described above, for which
the scalar curvature R ≥ 0. We work with a fixed end Nk, for which we assume
the mass M is negative, with the asymptotically flat coordinates x = (x1, x2, x3)
as defined above, which lie in R3 \ Bσ0(0). Let r = |x| denote the Euclidean
distance from the origin. Note that the asymptotic flatness condition Eqn. 1
implies that the Christoffel symbols Γijk are O( 1

r2 ) and the Riemann curvature

tensor is O( 1
r3 ) as r →∞.

Lemma 4.1 There exists an asymptotically flat metric g̃ which is conformally
equivalent to g, and also has negative mass for the end Nk, such that its scalar
curvature R̃ satisfies R̃ ≥ 0 on N , and R̃ > 0 outside a compact subset of Nk.

Proof Sketch [5]: It is easy to compute and obtain ∆ 1
r < 0 for sufficiently

large r. This allows us to obtain a positive function φ which has asymptotic of
the form 1 − M

4r , so that ∆φ < 0 for sufficiently large r, and by rounding off
appropriately we can also obtain ∆φ ≤ 0 on N . Let g̃ = φ4g, then the formula
for scalar curvature R̃ = φ−5(−8∆φ + Rφ) gives the desired result on R̃. The
rest is easy.

This lemma allows us to assume without loss of generality that R ≥ 0 on
N , and R > 0 outside a compact subset of Nk, without compromising either
asymptotic flatness or negativity of mass.

For each σ > 2σ0, let Cσ be the circle of Euclidean radius σ centered at 0
lying in the x1x2− plane. Let Sσ be the smooth embedded oriented surface of
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minimal area among all surfaces with boundary curve Cσ regardless of topo-
logical type, which is compact. This known existence result shall be assumed.
Due to the fact that N may have multiple ends, we need a lemma which says
that Sσ cannot run to infinity in an end other than Nk as σ → ∞. To prove
this, we need the maximum principle for minimal surfaces: If we translate a
convex surface (a surface whose tangent plane always lies on the same side of
the surface, such as level sets of a convex function) towards a minimal surface,
then the first point of contact must be on the boundary of the minimal surface.
More precisely,

Theorem 4.2 Let E be a convex set bounded by a convex surface H. Suppose
an interior point P of a connected minimal surface S ⊂ E is contained in H.
Then all of S is a subset of H.

Lemma 4.3 There exists a compact subset K0 ⊆ N such that for each σ > 2σ0
we have Sσ ∩ (N \Nk) ⊆ K0 (K0 is independent of σ).

Proof Let Nk′ be a different end, which is diffeomorphic to R3 \ Bτ0(0) with
asymptotically flat coordinate system y1, y2, y3 where Bτ0(0) = {y : |y| < τ0}.
We compute the asymptotic behaviour of the covariant Hessian of the function
|y|2 using Eqn. 1,

Dij |y|2 =
∂2

∂yi∂yj
(|y|2)–(D ∂

∂yi

∂

∂yj
)(|y|2) = 2δij +O(

1

|y|
), (12)

where Dij is the covariant Hessian, D is the Riemannian connection of N . This
implies that there exists τ1 > τ0 such that the function |y|2 is convex (i.e., its
covariant Hessian is positive definite) in the region {y : |y| ≥ τ1}. Suppose when
σ →∞, Sσ intersects with ∂Bτ1(0) first when σ = σ1 for some σ1 > 2σ0. Since
∂Sσ = Cσ lies in Nk, this gives a contradiction by Theorem 4.2. Therefore we
must have Sσ ∩Nk′ ⊆ Bτ1(0) for all σ > 2σ0. This is true for any end Nk′ of N
other than Nk, thus the lemma is established.

Next, we show that the height of Sσ ∩ Nk is in fact bounded in the x3

direction.

Theorem 4.4 There exists a number h > σ0 so that Sσ ∩Nk ⊆ Eh = {x ∈ R3 :
|x3| ≤ h}.

Proof A direct computation using Eqn. 1 and the asymptotic behaviour of the
Christoffel symbols yields

Dijx
3 = −Γ3

ij =
Mxj

r3
δi3 +

Mxi

r3
δj3 −

Mx3

r3
δij +O(

1

r3
). (13)

Suppose the maximum of x3 on Sσ ∩ Nk is H and is achieved at the point
x0 ∈ Sσ. If H ≤ σ0, then the proof is done. Thus we assume H > σ0. The
tangent space to Sσ at x0 is spanned by ∂

∂x1 (x0), ∂
∂x2 (x0). Let ∇ denote the
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induced Riemannian connection on the submanifold Sσ of N , and let qij be the
induced metric, where i, j = 1, 2. Then using the fact that ∇i ∂

∂xj = (Di
∂
∂xj )T ,

where T denotes orthogonal projection onto the tangent space of Sσ, one can
compute

∇ijx3 = Dijx
3 − hijν(x3), (14)

where hij = 〈Diν,
∂
∂xj 〉(x0) is the second fundamental form, and ν is the

unit normal vector field of Sσ. Contracting Eqn. 14 with qij and using the fact
that qijhij = 0, we obtain

qij∇ijx3 = −2MH

r3
+O(

1

r3
). (15)

The fact that x3 achieves a maximum at x0 implies that qij∇ijx3 ≤ 0. Since
M is negative, this means that H has to be bounded above by a number h, which
is independent of σ. Similarly we can give a lower bound for x3 on Sσ ∩ Nk.

We make no attempt to account for the key step which allows us to extract
the desired complete area-minimizing minimal surface S as a stable limit of some
sequence Sσi as σi →∞. However, we do note that Lemma 4.3 and Theorem 4.4
are in fact necessary for this important step. Moreover, one key point is that
Theorem 4.4 is where we used the negativity of mass of Nk explicitly, so that
the construction of the desired minimal surface S depends crucially on this
assumption that we eventually would like to disprove.

Since S is non-compact, applying the second variation inequality is not en-
tirely straight-forward. In particular, it is necessary to show that

Lemma 4.5
∫
S
‖h‖2 <∞, and

∫
S
|K| <∞, where h is the second fundamental

form, ‖h‖2 is its norm with respect to the induced metric on S, and K is the
Gaussian curvature of S.

Proof Sketch: For any σ ≥ σ0, let S(σ) = [S ∩ [(N \ Nk)] ∪ [S ∩ Bσ(0)], then
S(σ) form an exhaustion of S. By using the area minimizing property of S,
it is easy to see that there exists a constant C independent of σ, such that
Area(S(σ)) ≤ Cσ2. Together with Eqn. 1, this results enables one to bound
certain integrals on the non-compact surface S, then one can prove the lemma.

Note that the second variation inequality Eqn. 4 in fact holds for any Lip-
schitz function f with compact support in S. Therefore by choosing an appro-
priately rounded-off Lipshitz function f which takes the value 1 on S(σ) and
vanishes outside S(σ2) in Eqn. 6, where S is replaced by S(σ), and then the
desired inequality

∫
S
K > 0 (Eqn. 8) follows upon taking the limit σ →∞.

An interesting and important remark is that by the Cohn-Vossen inequality,∫
S
K ≤ 2πχ(S), Eqn. 8 implies that S is topologically the plane.
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The final step is to arrive at a contradiction by using the Gauss-Bonnet
theorem. We wish to find an exhaustion Dσ of S as σ → ∞ such that for
sufficiently large σ, Dσ is topologically a disk, and the total geodesic curvature
on ∂Dσ in S is asymptotically bounded below by that of a Euclidean circle, i.e.,
there exists a sequence σi →∞ so that limσi→∞

∫
∂Dσi

k ≥ 2π (Eqn. 10, where k

is the geodesic curvature on ∂Dσ in S). Then combined with the Gauss-Bonnet
theorem Eqn. 9, we arrive at Eqn. 11, which leads to the desired contradiction.

By Lemma 4.5 and the remark above, a result from A. Huber [6] implies that
S is conformally equivalent to C, i.e., there exists a conformal diffeomorphism
F : C→ S. For any x ∈ R3, let x′ = (x1, x2, 0) and r′ = |x′| = ((x1)2 + (x2)2)

1
2 .

Let Pσ be the cylinder {x ∈ R3 : r′ ≤ σ}. Since S is topologically the plane,
it follows that for any σ > σ0 such that ∂Pσ ∩ S is transverse, there is a circle
in this intersection whose projection onto the x1x2− plane is a circle centered
at 0 with radius σ. Let Dσ be the connected component of such a circle in
S ∩ [(N \Nk) ∪ Pσ]. Since S is connected, the Dσ form an exhaustion of S.

Theorem 4.6 For all σ sufficiently large, Dσ is topologically a disk.

Proof Consider F−1(Dσ), which is a bounded connected region in C. We
need to show that F−1(Dσ) is simply connected. Suppose not, then there is a
bounded domain O contained in C \ F−1(Dσ). Since ∂Pσ ∩ S is transverse, the
function r′− σ changes sign across each boundary component of F−1(Dσ).This
implies that r′ = σ on ∂F (O) ⊂ S, and r′ > σ at some points inside F (O).
Therefore r′ takes a maximum at some point of F (O). It suffices to show that
for sufficiently large r′ the function (r′)2 is subharmonic, which by the maximum
principle for subharmonic functions would lead to a contradiction. Using Eqn. 1
and the fact that S is a minimal surface, it can be shown that ∆(r′)2 ≥ 2–O( 1

r )
as r →∞, which yields the desired result.

The only remaining task is to show Eqn. 10. In [1] Schoen and Yau gave
a 5-page calculation for this, which we do not attempt to repeat here. Very
roughly speaking, the key point is that the negativity of mass implies that S is
“asymptotically larger than” R2, so that as σ →∞ the geodesic curvature k on
∂Dσ in S approaches but is bounded below by that of a circle asymptotically.
More explicitly, in Schoen and Yau’s calculation they used the fact that the
complete area-minimizing surface S ∩ Nk is bounded in the x3 coordinate, a
fact which as we have seen above indeed depends on the negativity of the mass.
Using this important fact they were able to show that in some sense as σ →∞,
∂Dσ in fact approaches a “planar Euclidean circle”, more precisely summarized
as

Theorem 4.7 Let ν be the unit normal of S in R3 relative to the metric g, h
be the second fundamental form of S, and let L denote the length of boundary
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curve relative to g. As σ →∞, we have∫
∂Dσ

1− 〈ν, ∂

∂x3
〉 ≤ O(1),

L(∂Dσ) = O(σ)

L(∂Dσ) ≥ 2πσ–O(1),∫
∂Dσ

‖h‖ → 0. (16)

Based on this, one can obtain Eqn. 10. The sketch of proof is now complete.

5 Conclusion

Schoen and Yau’s beautiful proof of the positive mass theorem, is an example
where one can use the minimal surfaces to study the effect of curvature on a
Riemannian manifold. The part of the theorem which states that the mass of
each end is strictly positive unless the space-time is Minkowski is not addressed
in this essay, nor is the more general case where the space-time M does not nec-
essarily admit a maximal space-like hypersurface, and haa = 0 is not assumed.
The proofs for these results are much more difficult. Also, there is a general-
ization of the positive mass theorem, called the Riemannian-Penrose inequality,
which gives a higher lower bound for the ADM mass of a space-time in terms
of the total area of its black holes. There is clearly so much more to explore on
this fascinating topic.
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